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Abstract 

In this paper, we construct the Hankel determinant representation of the ra- 
tional solutions for the fifth Painleve equation through the Umemura polynomials. 
Our construction gives an explicit form of the Umemura polynomials o-„ for n > in 
terms of the Hankel Determinant formula. Besides, this result also gives another 
proof of the fact that the (t„'s are indeed polynomials. We compute the generating 
function of the entries in terms of logarithmic derivative of the Heun Confluent 
Function. 
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1 Introduction 

The six Painleve transcendents are now regarded as the nonlinear version of the 
classical special functions Il8l. It is know^n that the Painleve transcendents cannot be 
expressed by the solution of the linear equations, except for two classes of solutions, 
namely, special functions solutions and the rational solutions. There are special poly- 
nomials associated with the rational solutions for the Painleve equations. For instance, 
(Pii) Yablonskii - Vorob'ev polynomials, (P/y) Okamoto polynomials and {Pm, Pv,Pvi) 
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Umemura polynomials WiU}- These special polynomials are defined by the second-order 
bilinear differential difference equations which are equivalent to Toda Equations. 

Generally, the determinant structures are useful for understanding the nature of 
the polynomials mentioned above. For instance, it has been shown that the Okamoto 
and Umemura polynomials are nothing but a specialization of the 3-core Schur func- 
tion and the Schur function respectively by using the Jacobi-Trudi type determinant 
formula (H HI [SJ. Recently, it is clarified that these determinant formulas can be also 
applied not only for the special (classical) solution or special polynomials associated 
with the Painleve equation but also for generic transcendental ones Il2ll4l[7ll. 

In this paper, we consider the well-known special polynomials associated with the 
rational solutions for the Py which are called Umemura polynomials. The Umemura 
polynomials cr„(t, r) are polynomials generated by the recurrence relation lIHUH: 

t 3 

t{a"an - (<7^)^) + (r'nO-n + (- - r + -n)al = c7„+ifT„_i (1.1) 

with initial condition ao = cri = 1, where r G C. The rational function 

o-„(t,r + i)cr„+i(f,r + i) 

y[t) = — „ 

cr„(t,r)cr„+i(t,r + I) 

solves the fifth painleve equation Py : 

y =i7r + T)y -rry+ — 75 {ay + -)+j- + 6- 



'2y y — 1 t y t y— 1 

with the parameters 

We present the following theorem which gives an explicit form of the Umemura 
polynomials cr„ = cr„(t, r) for n > in terms of the Hankel Determinant formula. 

Theorem 1.1. The Umemura polynomials an are given by the following Hankel deter- 
minant formula: 

0- = <! ^' 1 n = 0, 1, ^^2) 



where 

an = t{a'^_i + |a„_i) + t(| - r) Ylk=o akan-k~2 

(1.3) 

ao = 1, ai = \t 



and also we discuss the generating function F{t, A) = Y1!^=q o-n^^^^, for the entries of 
our determinants and we find that F{t,X) satisfies a partial differential equation with 
respect to t and it has a general solution which is given by the following theorem: 
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Theorem 1.2. F{t, A) can be given by 

which is can be recast in terms of confluent hypergeometric function when 

Yi = {\)^+h^+^e--s{Ci{X)M{-X, A + 3, J) + C2(A)C/(-A, A + 3, ^)) 

and Heun Confluent Function when 

Yi = Ci(A)ti+teWc(2r,l + A,-2,r(3 + 3A-8r),^(-l-6r)A + 8r2 + i,^) 

+C2{X)t'^elHc{2r, -1 - A, -2,r(3 + 3A - 8r), -(-1 - 6r)A + 8r^ + -, — ) 

2 2 or 

where r = a?id r 7^ respectively. 

such that Af and C/ are Kummer's functions of the first and second kind respectively 
and He is a Heun confluent function. In the next sections we will give our proofs of our 
results. 
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2 Proofs 

In this section we give the proof of our theorem dl.lD . 
Proof. We present the following transformation 

Unit) = (2.4) 
and then we have from equation dl.lD that 

t^ipnPn - {p'nf) + tpnPn + - r + ^n)/)^ = (2.5) 

For n > 0, define the following transformation 

Pn[t) = e-(t")V„(z) (2.6) 
where z = log t and then from equation ( 12. 5D we have 

-^^Tn - {-J^j = Tn+lTn-l " <PWn (2.7) 



where 



■0 = 6^6 ^^'^\^-r), To = 1, (/) = e4^'' 



This is the Toda equation. By applying theorem (2.1) in [JJ to equation ( 12. 7D with n > 0, 
we have 

r„(z) = det(ci+j_2), = + V' ^ Q ' cj, Cq = et''^ (2.8) 

i+j — n — 2 
i,j>0 

Now, in order to construct the Hankel determinant formula for an when n > 0, we 
have to find the Hankel determinant formula for pn because (j„ = t~2"('^~^)p„ . 

Putting Cn = e4*o„ in equation ( 12. 8D and noticing that pnit) = e^i"'^Tn{z) with 
z = log t, we obtain the formula for n > as in equation ( I1.3D . □ 

2.1 Riccati Equation For Generating Functions 

We consider the generating functions of the entries as the following formal series 

oo 

F(t,A) = ^a,A-" (2.9) 

n.=0 

where a„ are the characterized by the recurrence relations ( I1.3D . We obtain the follow- 
ing Riccati equation. 

Theorem 2.1. F satisfies the following partial differential equation 

tX^ = -td-r)F' + {X'-^tX)F-X' (2.10) 
Ot o 4 

Proof. Equation ( I2.10D can be derived as follows : 

CO n 

t{--r)F' = i(--r)j;(5]a,o„_,)A-" 

n=0 k=0 
oo 2 

= y^(Qn+2 - ta'n+i - -ta„+i)A"" 

n=0 

f)F 

= {X^F - aoX^ - aiA) - t{X— - Xa',) - -t{XF - Aa^) 
= -tX^ + {X'-ltX)F-X^ 
then equation ( I2.10D holds. □ 
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3 Solution of the Riccati Equation 

We linearize the Riccati equations to a system of two first order ODE. It is not difficult 
to derive the following theorem from theorem ( 12. ID : 



Theorem 3.1. It is possible to introduce the functions Yi and Y2 consistently as 
and 



then Yiand Y2 satisfy the following system for Y = 



t 



r 



3.1 The Heun Confluent Function 

We consider our transformations which are given in equations ( 13. IIP and we relate 
the generating functions F{t, A) to the Heun Confluent Function as follows : 

Theorem 3.2. Equation iS.lli transforms the Riccati equation i2.10i into a linear 
equation 

d'^Yi 1 dYi . \ 1, A 3, 1,A 3,2 I ,t 

(a) lfr = 0, the change of dependent variable 

yi = (i)t+ftt+2e-lG(t,A) 
simplifies equation d3. 14i into the Confluent Hypergeometric equation 



i 

where 



^a^ + (^ + 3-4)^ + AG = (3.15) 



Yi = (c',(A)M(-A, A + 3, ^) + C2(A)C/(-A, A + 3, ^)) 

such that M{—X, A + 3, |) and U{—X, A + 3, |)) are Rummer's functions of the 
first and second kind respectively. 
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(b) Ifr^O, the change of dependent variable 

Yi = t^+h^H{t,X) 
simplifies equation (i3.14i into the Heun Confluent equation 

d^H _ 1 1 1 X dH X 1 A 3, 

1,A 3,0 l,t , 1 ,1 1,^ A, 
+ 4*7-4' -7<8-'-' + *3^<8 + 7<'+2' 



where 



A 1 1 i 

yi = Ci(A)ti+teli/c(2r,l + A,-2,r(3 + 3A-8r),-(-l-6r)A + 8r2 + -,— ) 

+C2(A)t-tel/i'c(2r, -1 - A, -2, r(3 + 3A - 8r), ^(-1 - 6r)A + 8r^ + ^, ^) 
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